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The probles of the title is as follows., There is a stockpile of

n missiles and a list of » military targets. The value of the 1t'h target
is & known quemtity V, (1¢ 1{& n)A. ’r:oh probability that the itb target
vill pgt be hit i attacxed by the J  missile is a known quantity P j .
(<1t luén). It is assumed that a hit results in total destruction
; of the turgot.n What nuigt-ont. of missiles to hrgot.s will effect the
€ saxizum m destruction ?
If all missiles vers directed to the same target, say the i‘P, the
E destruction oxpéct.od vould be

°='1[1"J121 ’u].

This formula is trivial for n =1, and may be proved inductively for other
values of n as follows: A strike from a salvo of n missiles can result in
- three mutuslly oxclusivs events:

a) one e first missiles stir ] n sses
- () of the first (n-1) missile umvmuu“‘u ,

(b) one of the first (n-l1) missiles strikes and the n"> strikes also,

th

(¢c) none of the first (n-l) missiles strikes while the n° strikes,

The probabilities of these three events being added, we obtain, assuming
as a2 inda-ction hypotheeis that the formula for D is vslid up to n-l:

D=1 =1
l-TTP a? - ITP.,)- QP )« %TP 1-P.)
31 i) 3 i) in 32 ij in’*

Algebraically, this is equivalent to 1 -]Dr P,ry QeEeDs
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Nov consider the given data as being laid out tabularly.
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In the next paragreph there is described a relaxation method for the
improvemsnt of sssigaments. This algorithm does not gemerally yield a
solution of the original problem, but is offered here as a means of generating
good if not optimel assigmments ty mesns of automatic computetion, This
method, in fact, solves the following simpler problem: as missiles roll off

the aszembly line, it is desired to assign tnem optimally and gequentially
4 to targets wvithout altering the assignments of those already stockpiled,
| There may be instances where ths problem just described is the more practical,

as vhen altering the assigmment of a missile involves costly reinstrumentation.
Now suppose, “;r the moment, that sn assignment has been fixed for all
missiles except one, say the rth one, To which target shoula the rth missile
' be directed in order that the resulting full assigmment shall be optimal ?
é This problem can be solved by calculating the m different total destructions
thst can result when missile r is directed to targets 1, 2,,¢.,m in turn,
Having done this for one value of r, we repeat for another, at each step
changing one component of thz assignment vector to increase the total
destruction. This process, repested indefinitely, is called relexatign.
If all but the r'® misnile are fired, the probability of survival of
target i i

{

n

TI By
3 *
JEr

The expected (surviving) yalye of target i is then
ﬁ.
v H
1jq 1
=

If missile r is fired st target i, an additional expected destruction is
eof fected of magnitude

n
B, = Q-p )V, TTH.
i ir ij:lH(J
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Missile r should then be assigned to that target i for which Ei is a mx-
imim, A program for the IBM 650 which performs this task iteratively is
deacribed in Appendix I, We show now by example that the process can fail
to produce a solution, Consider the datum

v | P
‘o .5 .8
30 .3 .L
The assigment (2,1) yields a iotal expected destruction of

D= (o7)(30) - (02)(‘0) = 29,

Any attempt to improve this by alteration of a gingle component will fail,
for D (1,1) = 27,2 and D (2,2) = 26.4. Hovevsr, D (1,2) = 38, The
assignment (1,2) can be ocbtained from (2,1) euly by alteration of wg com-
ponents simultaneously. The example just considered izy be represented
:D pictorieily as follows. The assigmments (1,1), (1,2), (2,1), (2,2) may be
shown as points in E,, and the corresponding value of D may be plotted on

2’
the vertical axis.
3
39
273
uy
|
{’i'f) "' Z.)
(2J l) (z.l 1)
_) The relaxation algorithm can procoed fram (2,2) to (1,2), or from (1,1) to

(142), but aot from (2,1; to (1,2),
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Another example of the same type is as follows:

v P

10 oh o5 o5
20 8 o7 o5
10 5 o5 ol

The assigoment (2,1,3) yields an expected destruction of
D = 20(s2) ¢ 10(.5) ¢ 10(.9) =18,

Every sssignment that can be obtained frem (2,1,3) by altering a single
component yields a lover value of D, However, there exiets an assignment,
vis, (1,2,3), obteinable from (2,1,3) by altering two components, which
yields s higher value of D,

In an sttempt to improve an assignment produced by the relamation
method, we may try igterchgnges of components in the assigument vector T,
Both the preceding examples would yield to this trestment. It is net known
whether these tvwo methods together will produce optimur. assignments in all
casee, It seems unlikely that they would, This composite algorithm may be
tried over and over on different initial assigmments, and these initial
assigments may be generated by a random device in th¢ computer. Measures
such &8 this are of use even in simpler problems like the classical assign-
ment problem. In using the relaxation slgorithm, it is possible to start
with any initial assignment, A4 reasonable first aseigmment may be obtained
as follows: Calculate all numbers v, (1 - P J)' Let the greatest be indexed
with 1° Jo. Then, in the initial assignment, send missile Jo to target 10.
Now reduce '10 to Vio Pio-’o and repeat the process, omitting Jo as a value
of jo The 650 Program which accomplishes this is described in Appendix II,

All the measures just described must be regarded only as stopgaps
until a genuine solution becomes svailatle,
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Appendix IIs Starting Procedure for Relaxation Algorithm
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